In this paper we discuss the bifurcation of periodic orbits for the Henon-Heiles Hamiltonian.
The model of Henon-Heiles 1 > has been studied by many authors since 1964. We make no attempt to list all references to periodic orbits of this Hamiltonian, but only those which are representative in the field of celestial mechanics, 2 > dynamical systems, 3 > and solid state physics. 4 > El-Sabaa and Sherief> discussed nine classes of the main periodic orbits in Henon-Heiles potential which they regarded as a two-dimensional galactic potential. Davies et al. 3 > studied eight families, using the monodromy method, of the simple and basic orbits in Henon-Heiles potential partly on the basis of Churchill et al.'s study 5 > where the periodic orbits in Henon-Heiles potential were classified into the eight families taking into account various symmetries. Other literature cited for periodic orbits of Henon-Heiles Hamiltonian can be found, for references in the past 15 years, in Ref. 3) , and for earlier references in Ref. 5 ). Akhiezer et al. 4 > studied, in their research of dynamical chaos of charged particles in a crystal, the dynamical chaos of the Henon-Heiles hamiltonian, regarding Henon-Heiles potential, on the basis of a reasonable theory, as a model potential of the real channel potentials in a crystal.
Bifurcation theory has been developed by many authors since the time of Poincare. Meyer 6 > analytically studied the bifurcation of periodic orbits for a conservative differential equation, Duffing equation, selecting from these many bifurcation theories those cases which are generic. Aguiar et al.7l extended Meyer's work, in which he confined himself to the generic case of a Hamiltonian without symmetry, to include Hamiltonian with time-reversal symmetry and space-reflection symmetry. That is, Aguiar et al.7l developed a method to study the nongeneric case of a Hamiltonian with symmetries, beyond the generic case of a Hamiltonian without symmetry. Generally speaking, some of typical types of generic bifurcations are influenced directly by special symmetries of the system. All Hamiltonian systems discussed below are of the form
p2 p2 H(x, Px, y, Py)=---j-+-f-+ V(x, y).
(1)
Using the potential with symmetry V(x,y)= V( -x,y),
x,y --zx -zx -x y rrx ' (2) Aguiar 7 >.s> classified periodic trajectories into four kinds. They distinguished the generic case 6 > from the nongenen·c case by judging whether the total number of symmetries of each orbit is preserved or not at the time of bifurcation.
Using a potential with symmetries V(x, y)= V( -x, y)= V(x,-y) and one parameter €,
Mao and Delos 9 > studied the bifurcation of the periodic orbits which pass through the origin. They asserted on the basis of bifurcation theory 6 H> for Hamiltonian systems that there were only five typical types of bifurcation in the generic case, and some of these five types were modified by special symmetries of the system above shown in the nongenen·c case.
>
Using the potential with symmetry C3 and one parameter ..1, (4) we investigate in detail the bifurcation of periodic orbits including the nongenen·c bifurcation by calculating the residue 10 > of special periodic orbits and analyze qualitatively a special nongeneric bifurcation of the orbit 1/8 on the basis of detailed numerical calculations.
In § 2 of this paper, we give an outline of the method of calculating the residue and investigating the bifurcation for the periodic orbits. In § 3 we show our results for Poincare surface, residues, and the bifurcation tree of periodic orbits, and discuss these in order to obtain some conclusion. We also attempt to explain qualitatively the process of nongeneric bifurcation for periodic orbits with winding number 1/8. § 2. Method
The research of bifurcation for classical periodic orbits is indispensable in the study of chaotic dynamics in Hamiltonian systems, and is useful in a semiclassical quantization for nonintegrable Hamiltonian systems. Here, the bifurcations of the main families of periodic orbits in the non-integrable and time independent Hamiltonian with two degrees of freedom, well known as the Henon-Heiles Hamiltonian 1 > (5) will be investigated.
The Hamiltonian (5) has a scale invariance 
and thus there is no essential difference in the dynamics observed for arbitrary choices of the value of tl. The Hamiltonian equation (6) By integrating numerically the equation of motion for Eq.(5), we search for a periodic orbit Xo(t)(n-periodic orbit) with n fixed points of the Poincare map pn(Yn, Pn), n=O, 1, 2, ... n-1 on Poincare surface of section (PSS) defined by x=O, Px>O. The stability of each of the n fixed points is the same as that of its orbit, due to continuity. So, it is sufficient to examine the stability of one of the n fixed points. We calculate the 2 X 2 matrix M, which is the linearization of the Poincare map pn about one of these fixed points, (yo, Po) (Det(M)=1, since Pis an area preserving map).
If (yo+Byo, Po+BPo) is mapped to (yo+.dy, Po+.dp), then we have
.dp 8Po
As estimated by Greene 10 > and Lunsford,13l we calculate this matrix M at (yo, Po) by numerical integration of the exact equations of motion for Eq.(5). We start numerical integrations severally from two points on the PSS(x=O, Px >0), (Byo, 8Po) =(8, 0) and (Byo, 8Po)=(O, 8), where 8 is an infinitesimal number, and end these integrations when the orbits pass through the PSS(x=O, Px>O), respectively, Q( =n in the case pn) times in the case of the winding number P/Q. Then, if (.dy, .dp)=(.dyl, .dp1) and (.dy, .dp)=(.dy2, .dp2), respectively, (9) In the case P(yo, Po)=(yo, Po) at E1, if M(yo, Po; 1, E1), the linearization of P, has no eigenvalue 1, this fixed point will be isolated, i.e., there is no bifurcation concerned with this fixed point. This can be proved easily by simple analysis. A new mperiodic orbit can appear or an existing m-periodic orbit can disappear only at a point, for example (yo, Po), of m fixed points at Em such that
where TrM(yo, Po; m, Em) is the linearization of pm and pm(xo, Po)=(xo, Po) at Em.
) and M(y 0 , Po; 1, Em) has the eigenvalues e±<Ltm>w. When m= 1=1, the bifurcation with equal period orbits will occur. Also l =1=-1, the period m-upling branches will bifurcate from the central periodic orbit.
The residue R is defined as
If O<R<1, the orbit Xo(t) is linearly stable, and Qn (a point of n fixed points) is an elliptic point of Pn. If R > 1 or R < 0, Xo(t) is unstable and Qn is an inversion or ordinary hyperbolic point of pn, respectively. In order to classify the bifurcation depending on the behavior of the residue R, we use the symbols z, I, z, 1 in this article.
The symbol z is used when R=O and dR/dE=O, the symbol I is used when R=1 and dR/dE=O, the symbol z is used when R=O and dR/dE=f=.O, and the symbol 1 is used when R=1 and dR/dE=t=O.
At the resonance, the period m-upling branch with eigenvalue of M e<lJm>zn; bifurcates from the central orbit, and from Eq.(l1), we have 1 -TC. m (12) We say that the branch has winding number l/m from above. Almost all the periodic orbits we investigate here lie on the symmetry line py=O on the PSS(x=O, Px>O). Numerical integration has been carried out with the 6th order Runge-Kutta method. § 
Results and discussion
First, for explanation shown later, we show as a schematic diagram the Poincare surface of section (PSS) for the eight main well-known periodic orbits 7rt, 7rz, ···, TCa denoted by Churchill et ar.s> in Fig. 1 , where 0 and X stand for those of stable and unstable orbits, respectively. The shapes of the orbits TC1, TCz, ... , 7rs on the xy-plane are well known with their behavior for energy E < Ecttss. The TC1, TCz, .. ·, 7rs are very simple and basic periodic orbits in the Henon-Heiles Hamiltonian, and their periods are relatively short according to our numerical calculations but they are indispensable and very important in the study of bifurcation. The orbits TC1, TCz, TC3 are stable, straight and periodic along one of the three valleys of the Henon-Heiles poteny tial, respectively, and 7r4, 7rs, 7rs are unstable arc-shaped periodic orbits pairing with TC1, TCz, 1f3. Figure 2 shows the behavior of residue R for the simplest periodic orbit TC1(or 7rz, 7r3) as a function of E. As E approaches Ecttss, the residue R of TC1(or TCz, 7r3) oscillates with shortening period, that is, the orbit TC1(or 7rz, 7r3) repeats, alternatively, a stable state for 0 < R < 1 and an unstable state for R>1 or O>R. This important conclusion was more 
Behavior of residue for the orbit 1f1
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Bifurcation tree of the orbit 7rB
The orbits 7r7, 7rs are periodic with mutually opposite directions (see Fig. 1 ) and the symmetry C3 for E >0. The influence of this symmetry to bifurcation is that any structure such as a resonant squeezing of 1:3 bifurcation does not appear in the bifurcation of the orbit 7rs, and only concentric ellipses around the fixed point are seen on the PSS. Figure 3 shows how y(y =0) on the PSS (when x=O, x >O) behaves as a function of E for each of the eight periodic orbits, including the orbit 7rs. We see from Fig. 3 how the orbit 7rs bifurcates to 7 periodic orbits with winding number 1/2, 1/3, ... , 1/8, respectively below Edtss .. White squares indicate the points denoted by the number 1, where the residue of each periodic orbit pass through R=1 for E, as shown in Figs. 4(a) and (b) , and the normal period-doubling bifurcation occurs and a stable periodic orbit changes to an unstable periodic orbit. Black squares indicate the points denoted by the number I, where R=1, dR/dE=O, as shown in Fig. 4(a) . As such a bifurcation point has a nongeneric condition, i.e., the tangent bifurcation, which will not be seen usually, can occur. Such a bifurcation will be investigated in (4) below with respect to the 1/8 periodic orbit.
Idiosyncrasy of behavior of the residues R
Figures 4 (a) and (b) show, as a function of E, the behavior of the residue R for the periodic orbits 1/2, 1/5, 2/7, 1/8 and 1r1, and the periodic orbits 1/3, 1/4, 1/6, 1/7, 2/5, 3/7 and 3/8 within 55 of each of all their periods. Figure 4 (a) shows the behavior of the residue R for periodic orbits with the condition P+ Q=O(mod3), (13) where P and Q are relatively prime integers, and P/Q stands for the winding number. They are compared with the behavior of residue R for the orbit 1r1. Figure 4 (b) shows the behavior of the residue R for periodic orbits which do not satisfy Eq. (13) . All the residues R, except the residue R of the orbit 1r1, in Fig. 4 (a) pass through the points f and z (R=O, dR/dE=O) and finally the point 1 where the period-doubling bifurcation occurs and after they increase rapidly and the orbits become unstable. The orbits 1/5 and 1/8 of periodic orbits satisfying Eq. (13) have Cs symmetry. All the residues R in Fig. 4 (b) pass through the point 1 where the period-doubling bifurcation occurs, and increase monotonically. The periodic orbits, which do not satisfy Eq. (13), have x-symmetry, but do not have Cs symmetry. We can extract from the facts mentioned in this paragraph some conclusions as follows. (1) The periodic orbits, which satisfy Eq.(13), have the idiosyncrasy in the behavior of the residue R, compared with any other periodic orbits. (2) The periodic orbits, which satisfy Eq.(13), are influenced more complexly and strongly than any other periodic orbits by the value of E, reflecting the Cs symmetry of the Henon-Heiles potential. These conclusions are not contradictory to those obtained by Greene, 10 > through comparing the behavior of the mean residues I (/=(4R) 11 Q) for only the three orbits 1/5, 1/6, 1/7 within a narrow range of E. The behavior (shown in Fig. 2 of Ref. 10) ) of the mean residue for the orbit 1/5 is largely different from that of the residue R (from Eq. (11)) for the orbit 1/5. But we show more clearly, in Fig. 4 (a) , the above-mentioned idiocyncrasy of the periodic orbits with condition (13) , comparing the behavior of the residue R for 12 periodic orbits in Figs. 4 (a) and (b) over the wide range of E. Finally, these periodic orbits with condition (13) , as the results of our numerical calculation, show stronger resonances on the PSS than any other orbits, but this phenomenon can be expected from the above-mentioned conclusion. 4 . Section of the period-doubling bifurcation tree Figure 5 (a) shows a section of the period-doubling bifurcation tree of the orbit 1/8 which satisfies Eq. (13). This is the behavior of bifurcations, which occur only at the point 1. Their period-doubling bifurcation occurs at the point 1, where E=9.9744, points of the period-doubling bifurcation tree at E=10.18 in Fig.5 (a) . This bifurcation of the point 1 for the orbit 1/8 goes through the same process of bifurcation of De V ogelaere maps investigated by Greene et al. 12 
>
The orbit 1/8 not only has the point 1 but also the points I and z on the residue curve in Fig. 4 (a) . The bifurcation processes at the points I and z are expected to be different from the bifurcation process at the point 1. Figure 6 shows the difference of the two bifurcation trees for the orbit 1/8 at the points z(A) and 1(B)(E=9.9744) in ...
• 0
• ... point z(C, D, F, G, ···) where the orbit 1/1 bifurcates. These phenomena are verified numerically at each cascade (A, C, D, F, G) in Fig. 6 . There is, at each step of the cascade from the point 1 (B, E, · · · ), always also a point I where the orbit 1/2 bifurcates, which is not shown in Fig. 6 . Figure 7 shows the PSS at E =10.0050 immediately after the orbit 1/8:1/2 bifurcates to the orbit 1/8: 1/2: 1/2 at the point I. This bifurcation is not shown in Fig. 6 . There are many concentric invariant curves around the orbit 1/8: 1/2 on the PSS in Fig. 7 . 1=----'------,_1 .... o"'a;;---'---_....,1,. .,.,_o""'s,....v---~ Figure 8 shows the bifurcation process from the orbit 1/8: 1/2 on the PSS at E =10.0060, in comparison with the PSS at £=10.0050 in Fig. 7 . In Fig. 8 , a Birkhoff chain is manifested around the orbit 1/8: 1/2 due to the resonance and consists of three pair unstable orbits 1/8: 1/2: 1/2 at the intersecting point of separatrices and three stable orbits 1/8: 1/2: 1/2 at an interval of one in the Birkhoff chain.
Detailed behavior of bifurcation for the orbit 1/8
The bifurcation tree of the orbit 1/8 in the vicinity of the point z(E=9.720), in the center of Fig. 9 (b) , shows the magnification figure of a narrow domain around A in Fig. 6 . We emphasize through the explanation below, that the bifurcation of the orbit 1/8 at the point z(P) is not the period-tripling bifurcation but the bifurcation consisting of tree independent orbits with the same period. This bifurcation process will be clearly explained by seeing Figs. 10 (a)~(c) and the schematic diagram Fig. 9 (a) . That is, from the PSS in Figs. 10 (a)~ (c), the torus warps into the shape of a triangle in the vicinity of E=9.700 and changes gradually to the shape of triangle with three sharp cusps in the vicinity of E =9.710 ( Fig. 10 (a) ), and finally 3 pairs of elliptic-hyperbolic fixed points (el., hy. in they, being squeezed, crush the orbit 1/8 in the center of the PSS. We verified by numerical calculation, with precision IL1EI < , that the three hyperbolic points and the orbit 1/8 join at the same time. Before and after this bifurcation, the phase portrait with the shape of a triangle, which are formed heteroclinic orbits, is created on the PSS obtained from our numerical calculation (see Figs. 10 (a)~(c) ), as shown in the schematic diagram Fig. 9 (a) .
The so-called squeezing does not occur in the bifurcation from the orbit 1/8 to the orbit 1/3, that is, many invariant elliptic curves lie concentrically around the orbit 1/8: 1/2, as shown in Fig. 7 in the case of the bifurcation of the orbit 1/8: 1/2. Figure 11 displays the PSS on the symmetry line of a fixed point immediately after the tangent bifurcation (see Figs. 9 (b) and (c) ) at the point Q in Fig. 9 (b) . This bifurcation process on the symmetry line is shown in the schematic diagram Fig. 9 (c) . Figure 11 is the PSS on the third step of the schematic diagram. 
Summary of principal conclusions
To end, we describe five points as a summary of our principal conclusions.
(1) The residue R for the simplest periodic orbit 7n(or 7rz, 7rs) oscillate endlessly with shortening period, as E approaches Edlss, as shown in Fig. 2. ( 2) The bifurcation diagram of the periodic orbit 7rs (or 1r1) is shown in Fig. 3 , by calculating the residues of the periodic orbits 1/2, 1/3 ··· 1/8. (3) The behavior of the residue R for the periodic orbits P/Q which satisfy Eq. (13) [x10~ 
